Abstract. We consider hyperfine splitting of 1s and, in part, of 2s levels in light hydrogen-like atoms: hydrogen, deuterium, tritium, helium-3 ion, muonium and positronium. We discuss present status of precision theory and experiment for the hfs intervals. We pay a special attention to a specific difference, D21 = 8E hfs (2s) − E hfs (1s), which is known experimentally for hydrogen, deuterium and 3 He + ion. The difference is weakly affected by the effects of the nuclear structure and thus may be calculated with a high accuracy. We complete a calculation of the fourth order QED contributions to this difference and present here new results on corrections due to the nuclear effects. Our theoretical predictions appear to be in a fair agreement with available experimental data. Comparison of the experimental data with our examination of D21 allows to test the state-dependent sector of theory of the hfs separation of the 1s and 2s levels in the light hydrogen-like atoms up to 10 −8 . 
Introduction
The hyperfine structure (hfs) interval in the ground state of a number of simple atoms (hydrogen [1] , deuterium [2] , tritium [3] and helium-3 ion [4] ) has been measured with a high precision. The hfs separation in the 2s metastable state in hydrogen [5, 6] , deuterium [7] and the 3 He + ion [8, 9] was also measured accurately. Some experimental results are as old as almost fifty years, but the accuracy of even present-day theoretical calculations for the hfs interval in those light atoms is much lower than that for the experiments (see e.g. Table 1 ). Theory of the hfs interval in simple atoms is essentially based on the bound state Quantum Electrodynamics (QED), however effects due to the nuclear structure are unavoidable and they strongly affect the energy levels. Their uncertainty limits the theoretical accuracy for the hyperfine splitting in hydrogen, deuterium, tritium and helium-3 ion on a level of 10-200 ppm.
One of ways to avoid the problem of the nuclear effects is to study atoms free of any nuclear structure such as muonium and positronium. Hyperfine splitting in these pure leptonic atoms was measured [10, 11, 12, 13] with an accuracy appropriate for precision tests of the bound state QED. Other possibilities to avoid the problem of lack of a E-mail: sek@mpq.mpg.de accurate knowledge of the corrections induced by the nuclear effects is related to a fact that those corrections are proportional to the squared value of the wave function at the origin ∆E(Nucl) = A(Nucl) × |Ψ nl (r = 0)| 2 ,
where α is the fine structure constant, Z is the nuclear charge and m R is the reduced mass of the orbiting particle. The relativistic units in whichh = c = 1 are used here and through the paper. We ignore a difference between energy interval E and a measured frequency ν = E/h: presenting the theoretical expression for the energy splitting E and numerical results for the frequency ν. Here Ψ nl (r) is the Schrödinger-Coulomb wave function and A(Nucl) is a nuclear parameter which does not depend on the atomic state nl. Comparing the hfs for the atoms with a different value of Ψ nl (0) one can reduce influence of the nuclear structure and test the bound state QED with a high accuracy. There are two options to vary Ψ nl (0):
-to compare muonic and electronic atoms (i.e. to study atoms with the same nucleus and different values of m R );
-to compare hfs intervals for the ns states with different value of n or to study the hyperfine splitting for states l = 0.
Presently accurate experimental data are available only for one of these two options: it is possible to take advantage of existence of precision experimental data on the 1s and 2s hyperfine intervals in a few of light two-body atomic systems. A comparison of the data for the 1s and 2s hfs intervals allows to determine value of a specific difference
in hydrogen, deuterium and helium-3 ion. [4] and for the 2s state in 1977 [9] . The QED theory was developed by that time up to third order corrections including the (Zα) 2 E F , α(Zα) 2 E F and (Zα) 2 (m/M )E F contributions (here E F is the so-called Fermi energy, leading contribution to the 1s hfs separation). The experimental result in Eq. (4) happened to be in some agreement with theory, however, uncertainty of theory was not properly estimated. Here we present new theoretical results on D 21 in hydrogen, deuterium and helium-3 ion [14] . In our paper we demonstrate that there are a number of higherorder QED corrections which were not taken into account and which are competitive with the uncertainty of the experiment. We complete calculation of fourth order corrections and present theoretical results with accuracy higher than that for the measurements. The higher-order nuclearstructure effects also contribute to the difference D 21 and their contribution is important for a comparison with experiment. They are considered in our paper in detail.
The paper is organized as following: in Sect. 2 we consider the QED theory of 1s hfs interval and determine parameters A(Nucl) for hydrogen, deuterium and 3 He + ion. Sect. 3 is devoted to QED calculations of the difference D 21 . We study the fourth order QED contributions and, in particular, we find the vacuum polarization contribution in order α(Zα) 3 E F and the leading logarithmic recoil term in order (Zα) 3 (m/M )E F . The nuclear effects are taken into account in Sect. 4 . We show that study of the difference D 21 provides an effective test of QED theory of the hfs intervals E hfs (1s) and E hfs (2s) on a level of accuracy essentially below 1 ppm and such a test is free of problems of the nuclear structure. That is quite competitive with investigations of the hyperfine splitting in the ground state of muonium and positronium and we present a brief overview of them in Sect. 5. Section 6 summarized the paper and a comparison of theory and experiment is presented there for the difference D 21 in hydrogen, deuterium and helium-3 ion and for the ground state hfs separation in muonium and positronium.
2 Hyperfine splitting in the ground state in hydrogen, deuterium and helium ion
The hyperfine splitting of an ns state in a hydrogen-like atoms is determined in the non-relativistic approximation by the so-called Fermi energy:
Here Ry is Rydberg constant, c is speed of light, h is the Planck constant, µ B is the Bohr magneton, m is the electron mass, M is the nuclear mass and I is the nuclear spin. The nuclear magnetic moment µ in our notation can be negative (if its direction is opposite to the nuclear spin) and the Fermi energy E F defined as the splitting between states with atomic angular moments F = I + 1/2 and I − 1/2, calculated within the non-relativistic approximation, can be negative as well.
The result of the QED calculations is of the form
and 
The references to all terms can be found in a review in Ref. [18] . The expression above is a result of the external field approximation. The recoil corrections involve integration over high momentum k ∼ M and a consideration of a nucleus as a point-like one is not valid in such a case. Actually a theory of a point-like particle with an anomalous magnetic moment is inconsistent and leads to a divergency at high momentum transfer for the nuclear vertex. The muon (and electron) must be treated as either a point-like particle without anomalous moment, or a particle with the anomalous magnetic moment and an internal structure. The magnetic anomaly and "structure" effects come from the same diagrams. As a result one need to be very careful when considering a "point-like" nucleus as an approximation. It is important to mention that the leading recoil corrections [19] and most of non-leading terms involve the nuclear structure effects and proportional to the |Ψ nl (0)| 2 (cf. (1)). To compute any numerical result we use here α −1 = 137.036 000, c·Ry = 3.289 841 960·10
12 kHz, a e = 1.159 652· 10 −3 and parameters of nuclei collected in Table 2 . The values of the fundamental constants and nuclear parameters are based on data taken from [20, 21] , but we keep them here only with the accuracy sufficient for our purposes. The results of calculation are summarized in Table 1. Leading recoil corrections depend on nuclear structure. Some pure QED corrections of higher order are known but not included being essentially smaller than uncertainty of nuclear effects. The theoretical calculations above take into account only pure QED terms, while the nuclear effects can be estimated via a comparison of the experiment and the pure QED theory
The nuclear models or study experimental data on nuclei offer another way to find E Nucl (1s) and A(Nucl) and they are discussed in part in Sect. 4.
QED calculations of D 21 in light atoms
The evaluation of the QED corrections involves contributions of the second, third and fourth order in unit of the Fermi energy. The second [26] and third [15, 16, 17] order corrections were calculated some time ago (see Table 3 ). One of the fourth order corrections, (Zα) 4 E F , was also found that time [26] . Other fourth order terms were found only recently and the theoretical expression is now of the form 
where
Two corrections in the fourth order, α(Zα) 2 (m/M )E F and α 2 (Zα) 2 E F , were found in Ref. [27] in the leading logarithmic approximation and their uncertainties are estimated by a half-value of the leading logarithmic terms. The coefficients C SE and C VP related to the self-energy and vacuum polarization higher-order radiative corrections were first estimated in Ref. [27] , but with some misprints. Below we correct that estimation and discuss a recent calculation in Ref. [28] .
The expression takes onto account some recoil effects. As it was demonstrated by Sternheim [16] the n-dependent part of the (Zα)
2 (m/M )E F contribution into E hfs (ns) does not depend on the nuclear structure. In the case of the α(Zα) 2 (m/M )E F and (Zα) 3 (m/M )E F that is correct at least for the logarithmic terms. The pure recoil logarithmic correction (Zα) 3 (m/M ) ln(Zα)E F is evaluated here. A logarithmic part of the QED correction in order (Zα) 3 m/M is easy to calculate with help of effective potentials which are responsible for (Zα) 5 m 2 /M correction to the Lamb shift (cf. [31, 32] ). The result is 2 · 2 3
However this result is of a reduced value as far as the effective potential for the Lamb shift in order (Zα) 5 m 2 /M has been used. The logarithmic term (with ln(Zα)) in that order is not dominant. That often happens with pure recoil contributions (in contrast the logarithmic terms dominates in the case of most of radiative and radiative-recoil corrections). The other logarithmic contribution in order (Zα) 5 m 2 /M (with a recoil logarithm ln(mR)) and a part of the non-logarithmic term are effectively included into the nuclear-structure contributions (see the next section). An essential non-logarithmic part which is not included there is related to two-photon effective potentials with derivatives. The scale of the loop integration momentum is determined by the electron mass and the related contribution does not depend on the nuclear struc- Table 2 . Parameters for calculations of the hfs interval in hydrogen, deuterium and helium-3 ion [20, 21] . The proton charge radius is taken from Ref. [24] . (1) ture (cf. the Sternheim contribution into Eq. (11) in order (Zα) 2 (m/M )E F ). It can be essentially enhanced because of a big value of the nuclear anomalous magnetic moment and we estimate that non-logarithmic contribution as ±η (Zα) 3 /π m/M E F . 
Fig. 1. Vacuum polarization contributions to hfs
The higher-order vacuum polarization correction related to C V P is found in this paper. The contribution comes from diagrams depicted in Fig. 1 . They are evaluated with the exact Dirac wave functions and the Green function of an electron in the Coulomb field and the result is expanded in powers of Zα. The results for the vacuum polarization contribution to the 2s hfs interval are (cf. Ref. [29, 30] ):
Finally one can obtain
The derivation is considered in detail in Appendix A. 
Finally we find
and thus C VP = 139 384 + 13 24 ln 2 ≃ 0.74 .
As we have mentioned some partial results on α(Zα) 3 E F terms were presented in Ref. [27] with a misprint. The relative sign in Eqs. (24, 25, 27 ) of paper [27] is to be corrected and the result is (the corrected sign is marked by * ) It was also then expected [27] that the α(Zα) 3 E F results found there are likely incomplete. Recently Yerokhin and Shabaev directly calculated the self-energy contribution [28] after our suggestion
The self-energy result of Ref. [28] is affected by the higher order corrections and thus slightly depends on Z.
The complete results (17) and (18) 
and in part it is caused by appearance of effective nonrelativistic operators with derivatives. Those operators do not contribute into logarithmic corrections to ground state hyperfine structure [32, 31] and were not considered in Ref. [27] . The difference for complete and partial results is numerically small for both: the vacuum polarization and self energy. That is related to the fact that only the second derivative of the wave function at origin depends on n
and the n-dependent coefficient is relatively small. Under these circumstances we consider the partial results in Eqs. (18) as a confirmation of direct calculation of the self-energy [28] and vacuum polarization (see Eq. (17)). A summary of the contributions of the fourth order terms is presented in Table 4 . The leading nuclear-structure corrections to E Nucl hfs (1s) and E Nucl hfs (2s), being proportional to the wave function at origin (see Eq. (2)), cancel each other when calculating the difference D 21 . However, some higher-order nuclear effects can shift D 21 and, in fact, they do. The corrections related to the nuclear structure effects can be splitted into three terms [27, 23] 
Here
is a ratio of quadratic magnetic and electric charge radii. Let us discuss origin and accuracy of the nuclear-structure corrections. To find the first term (D A 21 ) one has to somehow determine a value of the nuclear contribution to the ground state hfs separation, E Nucl hfs (1s), which contains three kinds of terms:
-nuclear-finite-size effects of order (Zα) 3 (mR)E F , where R ∼ R E ∼ R M ; -nuclear polarizability corrections; -nuclear recoil corrections of order (Zα) 3 (m/M ) ln(mR).
The correction for the 1s state was studied for hydrogen and deuterium. In the case of the hydrogen the first term is dominant and cannot be calculated with accuracy better than 20% because of lack of knowledge of the proton magnetic form factor at low momentum transfer [24, 23] . The proton polarizability cannot be successfully estimated and delivers an essential contribution to the value of E Nucl hfs (1s) in hydrogen. We expect that a theoretical uncertainty of nuclear contribution to the 1s hfs is at least 20% of its value.
Deutron is a weekly bound nucleus and the dominant nuclear effect for the hyperfine separation in the ground state of deuterium is related to the deutron polarizability. The nuclear correction was estimated in Ref. [25] as 43 kHz, however, the uncertainty is not presented there. We expect that the uncertainty lies between 10 and 30 kHz. Our assumption is based on examination of the logarithmic approximation used in Ref. [25] . Let us concentrate our analysis on two corrections of −19 and +11 kHz which were found in the logarithmic approximation. They are proportional to ln(m p /κ), where κ ≃ 45.7 MeV is the inverse deutron size and m p is the proton mass. The validity of the logarithmic approximation suggests that the logarithm is big enough, but that is not really a case: ln(m p /κ) ≃ 3.0. We expect that the uncertainty of such an approximation lies between 10 and 30 kHz, that depends on possible correlations between these two logarithmic contributions.
To the best of our knowledge there are no results published on the nuclear contributions to the hyperfine separation in the tritium atom and the helium-3 ion. Due to lack of accurate calculations for E Nucl hfs (1s) we estimate the nuclear structure contribution to the 1s hfs interval in all atoms discussed above by a comparison of experimental data with a result of the QED calculations (see Table 1 and Eqs. (1, 2, 9, 10 ).
All these corrections to E Nucl hfs (1s) are related in the leading order to the two-photon exchange with a hardmomentum exchange loop (k ≫ Zαm). Their calculation is similar to that for α(Zα) 3 E F terms. Some of these twophoton contributions can induce additional terms with derivatives but that will involve an additional suppressing factor m/k. The factor m/k is small for the finite-size and polarizability and for a logarithmic part (with ln(mR)) of the nuclear recoil contribution. It is about unity only for a part of the nuclear recoil contribution related to low momentum transfer k ∼ m and k < m, however, we have calculated those corrections of order (Zα) 3 (m/M ) in the leading logarithmic approximation in Eq. (13) . We expect these contributions are relatively small, because the recoil effects are not dominant in the D A 21 term and because of small numerical coefficient for state-dependent terms in the hydrogenic wave function at origin (see Eq. (19)). The γ-matrix structure is close to that in the case of the vacuum polarization where the terms with derivatives induce numerically small contributions. We estimate the uncertainty of such an approximation for D Table 5 ). The latter was found via a comparison of a pure QED theoretical expression (cf. Eqs. (7, 8, 11 )
withexperimental data. The results for the nuclear contributions to the 1s state in Table 1 and for the 2sstate in Table 5 agree with each other. 2 E F contributions and completely understood. They were derived in Refs. [27, 23] with help of some effective potentials, and the result does not depend on any nuclear models. The result for the nuclear contribution in Eq. (20) can be presented in a form slightly different from Eqs. (20, 21, 22, 23 )
which is more useful for phenomenological applications. We check this expression for the effects caused by a distribution of the nuclear charge and magnetic moment within some models in Appendix B and confirm it. The results on nuclear contributions to the D 21 in the light hydrogen-like atoms are presented in Table 6 . Table 6 . Nuclear-structure contributions to the D21 in hydrogen, deuterium and helium-3 ion.
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The final theoretical results
for hydrogen, deuterium and helium-3 ion are summarized in Table 7 . The table contains also the experimental results. The main sources of uncertainty of the theoretical calculations are related to -the use of logarithmic approximation in evaluation of higher order QED corrections of order α 2 (Zα)
2 (m/M )E F and (Zα) 3 (m/M )E F ; -calculation of higher-order nuclear effects.
The recoil contributions in order α(Zα) 2 (m/M )E F and (Zα) 3 (m/M )E F also limit accuracy of the calculations of the hyperfine splitting in the ground state of muonium and positronium and we overview theory of these two quantities in the next section .  table 6 5 Hyperfine structure in pure leptonic atoms
The theoretical expression for the hfs interval in the muonium ground state can be presented in the form
and the results for the QED contributions of the second (Q 2 ), third (Q 3 ) and fourth order (Q 4 ), for the hadronic (Q h ) and weak contributions (Q w ) are reviewed in Ref. [34] (see also Refs. [37, 32, 18] ) and we follow consideration there. The hadronic contribution is taken from Ref. [34, 35] . The results are collected in Table 8 .
The dominant QED contribution to the uncertainty (0.22 kHz) comes from unknown non-leading terms in orders α(Zα) 2 m/M and (Zα) 3 m/M , which are estimated by a half-value of the leading double logarithmic corrections [32, 31] , despite some terms beyond the double logarithms are known (see Ref. [34] for discussion).
To find an absolute value one has to determine the Fermi energy in Eq. (6) which contains the magnetic moment of the muon. The most accurate value of it can be obtained from study of the ground state hyperfine structure in the magnetic field [10] . The related uncertainty is 0.51 kHz. Opposite to the theory of D 21 , the Fermi energy has to be calculated very accurately and its value depends on our choice of a value of the fine structure constant. Here we use an original result from study of anomalous magnetic moment of the electron α −1 = 137.035 999 58(52) [38] . The related uncertainty is only 0.03 kHz, however, scattering of various results for the fine structure constants (see e.g. Ref. [20] ) corresponds to a much bigger uncertainty.
The positronium hfs interval can be calculated and measured less accurately than that in muonium. However, it provides us with a sensitive test of the same recoil corrections as in the case of muonium and D 21 . The recoil effects in positronium are essentially bigger than in other atoms, because M = m, and they may be studied in detail. The positronium hyperfine splitting in the ground state can be presented in the form
where coefficients slightly depend on α containing ln α. The Fermi energy is defined in positronium in a different way (comparing with Eq. (6) for hydrogen and muonium) because of annihilation effects and a symmetric treatment of magnetic moments of the electron and the nucleus (positron). The results are summarized in Table 9 (see [39, 40, 41, 42, 18, 36] and references there). The third order corrections appear to be large because of a double logarithmic enhancement [31] (ln 2 α ≃ 24). The value of q 3 is calculated with taking into account recent results on α 7 m ln α correction [36] , however, the uncertainty is estimated by a half-value of the leading α 7 m ln 2 α [31] (see Ref.
[34] for discussion). 
Summary
The results for the precision calculations of the hyperfine structure in the light hydrogen-like atoms are summarized in -there are two essential problems of the bound state QED: -evaluation of higher-order recoil corrections (that is mainly a problem of all QED calculations for the hyperfine structure including D 21 ); -evaluation of higher-order two-loop corrections (that is rather a problem of the Lamb shift calculation and only one value related to the hyperfine structure, D 21 , is sensitive to such corrections); -there are two other problems related to other part of physics: -determination of the fundamental constants (like e.g. determination of the fine structure constant and magnetic moment of muon needed to calculate the Fermi energy E F ); -nuclear structure, which affect energy levels and, in particular, shifts values of the Lamb shift and the hyperfine separation.
The difference D 21 happens to be an only value that is sensitive to both higher-order corrections: recoil and two-loop and that is not sensitive to problems beyond QED (determination of the fundamental constants and nuclear structure). Tests of QED are sometimes considered as a search for new physics beyond the Standard model. Such exotic contributions are rather expected to be proportional to 1/n 3 and must vanish for D 21 in the leading order. The next-to-leading terms could contribute but they effectively would be taken into account in D Nucl 21 being included into E Nucl hfs (1s). That fact makes the difference D 21 useful for a very specific test of the bound state QED, a test which involves no problem beyond QED.
Our theoretical predictions appear to be in a fair agreement with four of five accurate measurements (see Table 10 ), while a minor discrepancy of 1.8 σ with the most recent result from Ref. [6] is observed. Because of agreement with other data and espetially with the most accurate result for helium ion [9] we expect that the problem of this minor discrepancy comes from the experimental side. One can see that there have been no improvement in microwave measurements of the 2s hfs for the last few decades. We expect that some progress is still possible and that it is now also possible to perform an optical measurement of this quantity via comparison of different 1s − 2s transitions in hydrogen and deuterium, some of which were measured recently very precisely [43] .
troduce the relativistic Fermi-Breit energy [26] E T (2s) = E F × ǫ 2(Zα) 2
×
(1 + E 2s )(5 − 2ǫ) − 1
(1 + 2E 2s )(1 − ǫ)(2 − ǫ)(3 − 8ǫ + 4ǫ 2 ) 
They can be expressed in terms of the beta-function and the hypergeometric function as follows [44, 29] In the case of an electronic atom (m = m e ) and small Zα we arrive to a result in Eq. (14) , which reproduces all known terms of the expansion over Zα [45, 15, 32] and presents a new contribution in order α(Zα) 3 E F . One can also study the vacuum-polarization contribution to the hfs in muonic atoms putting m = m µ . In the case of low Z and arbitrary κ = Zαm µ /m e ≃ 1.5Z we reproduce the non-relativistic limits [46] . For the case of small Zα and large κ the result can be presented as an expansion over Zα and κ where ψ(z) is the logarithmic derivative of the Γ -function. The logarithmic part of the correction can be easily found within the effective charge approach (cf. [44, 29] ), results agree with (29) and that is an additional confirmation of our result.
B A model-dependent calculation of the finite-nuclear-size corrections to energy levels
